In this paper, we apply the differential transform method to find the particular solutions of some types of Euler-Cauchy ordinary differential equations. The first model is a special case of the nonhomogeneous n th order ordinary differential equations of Euler-Cauchy equation. The second model under consideration in this paper is the nonhomogeneous second order differential equation of Euler-Cauchy equation with a bulge function. This study showed that this method is powerful and efficient in finding the particular solution for Euler-Cauchy ODE and capable of reducing the size of calculations comparing with other methods.
Introduction
There are more than one method to solve the Euler-Cauchy equation such as the Laplace transform, the variation of parameters method, and the method of reduction of the order. Kim [13] applied the Laplace transform to find the solution of a homogeneous Euler-Cauchy equation of the second order ODE, Abualrab [1] , found a solution of a special case of nonhomogeneous Euler-Cauchy equation using the variation of parameters, and Haarsa and Pothat [14] , found the solution of a second order Euler-Cauchy equation with bulge function using the reduction of the order method. The differential transform method presented by Pukhov [12] in 1982 and the concept of differential transform proposed first by Zhou [23] in 1986 when applied to solve linear and nonlinear initial value problems in electric circuit analysis. The differential transform method presented as a new method based on Taylor series [23] and considered as a semi-analytical technique uses the Taylor series to construct the solutions of differential equations in the form of a power series. The method represents an iterative procedure for obtaining analytic series solutions of differential equations and useful for obtaining exact and approximate solutions of linear ordinary differential equations [7] and system of linear ordinary differential equations [20] . In this paper, the differential transform method has been applied to the second order nonhomogeneous ODE of EulerCauchy equation with a bulge function and the general nonhomogeneous Euler-Cauchy equation. The differential transform method develops from the differential equation with initial conditions a recurrence relation that finally leads to the solution of algebraic equations as coefficients of Taylor's series solution. Moreover, the DT method does not evaluate the derivatives symbolically and this gives advantages over other methods. For the related work, (see [18, 19, 21, 22] ). The paper is written in the following structure. In Section 2 we introduce the concept of a one dimension differential transform and review some basic fundamental theorems from references, and then we prove a lemma which is very important in our work. The differential transform method to find the particular solution of special cases of the nonhomogeneous ODE of Euler-Cauchy equation is presented in Section 3. We conclude the paper with some remarks in Section 4.
The differential transform method
In this section, we introduce the concept of one-dimensional differential transform and review some basic fundamental theorems [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . We assume that the function f(x) ∈ C ∞ (I), and x 0 be any point of I. Then the Taylor's series of f(x) about x 0 can be written as
Definition 2.1. Let the function f(x) be analytical function about x 0 = 0, then the k th differential transform of f(x) is defined by
Note that, the inverse differential transform of F(k) is defined by
Theorem 2.2 ([1-11, 13-17])
. Let f(x) and g(x) be analytic functions, with differential transforms F(k) and G(k), respectively, then for σ and β:
, where δ k,m is the Kronecker delta.
12. The differential transform F(k) for any analytic nonlinear term f(y) can be calculated from the formula
The proof of (3) and (4) is similar to (1) and (2).
Euler-Cauchy equation
In this section, we apply the differential transform method (DTM) to find the particular solution of special cases of nonhomogeneous Euler-Cauchy ordinary differential equation.
The general n th order Cauchy-Euler ODE is defined as follows a n t n d n y dt n + a n−1 t
As a first special case, let
where, m n and m must not equal any of the roots of the characteristic equation and m,n are integer, we have the following formula for the particular solution of (3.1).
Lemma 3.1. The particular solution of the n th order Euler-Cauchy ODE (3.1), where m n and m must not equal any of the roots of the characteristic equation and m,n are integer can be expressed by
Proof. Apply the differential transform to both sides of equation (3.1), and making use of Lemma 2.3, we get
where δ (k − m) is the k th differential transform of t m .
From (3.2), we have the recurrence relation
Applying Definition 2.1, we get the formula
Example 3.2. Consider the third order ODE of Cauchy-Euler equation
Solution. By using equation (3.3) , we get
From the definition of
Therefore, the particular solution is given by (3.4) as follows
Example 3.3. Consider the Euler-Cauchy equation
Solution. From the recurrence relation (3.3), we get
Therefore, the particular solution will be given by (3.4) in the form
Example 3.4. Consider the Euler-Cauchy equation
Solution. Using the recurrence relation (3.3), we get
From the definition of δ (k − m) , m = 3, we get, Y(3) = 1 2 , Y(k) = 0, k = 3, therefore, the particular solution will be given by (3.4) as
Example 3.5. Consider the second order ODE of Cauchy-Euler equation
Solution. Applying the recurrence equation (3.3), yields
From the definition of δ (k − m) , m = 2, we get, Y(2) = − 1 2 , Y(k) = 0, k = 2, therefore, the particular solution will be given by (3.4) as
Example 3.6. Consider the Euler-Cauchy ODE
Solution. By applying the recurrence relation (3.3), we have
.
, therefore, the particular solution will be given by (3.4) as
As the second special case, we consider the second order Euler-Cauchy differential equation with
Lemma 3.7. The particular solution of the nonhomogeneous Euler-Cauchy ODE with a bulge function
where a, b are constants, l is a positive constant, and y(t) is unknown function can be expressed by
where F (k) is the k th differential transform of the bulge function f(t) = e − (t−l) 2 2 .
Proof. Applying the differential transform on both sides of equation (3.5) , and making use of lemma 2.3, we get
From equation (3.6), we get the recurrence relation
where, F (k) , k = 2, 3, 4, 5, 6, are given by Definition 2.1 as follows Therefore the particular solution of (3.5) is given by
Conclusion
Based on the work has been done, it can be concluded that the differential transform method can be used to find the particular solutions of some types of Euler-Cauchy ODE accurately. The recurrence relations are very simple; therefore, they are easy to compute. This study showed that the differential transform technique is capable of reducing the size of calculations comparing with the method of reduction of order and the method of variation of parameters.
